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Abstract 
The motion of a fluid can be described by the incompressible Navier-Stokes equations (NSE). A single particle 

embedded in the fluid experience a resistance resulting from a friction force. The friction force depends typically 

on the velocity but is directed in the opposite direction to the movement. In the present study, the friction force at 

the boundary (modelled by the Navier-slip condition) is investigated with analytical and numerical methods. 

Applying analytical mechanics, relations between the tangential velocity and the acceleration could be found. 

Applying COMSOL Multiphysics®, the analytical results were checked with numerical simulations within the 

finite element method. It was found, that while the analytical relation between the velocity and the normal 

acceleration (at the boundary) can be confirmed numerically, for the tangential components, conclusions are not 

precise due to numerical accuracy and geometry related effects. 
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(I) Introduction 
Incompressible fluids are subject to the following 

Navier-Stokes equations (NSE, see e.g. [1]): 

𝜌(𝜕𝑡𝒖 + 𝒖 ∙ ∇𝒖) =  −∇𝑝 +  𝜇 ∇2𝒖 + f (1) 

∇ ∙ 𝒖 = 0,    (2) 

where u, p, f,  and  are the velocity field, the 

pressure, additional body forces, the density and the 

viscosity of the fluid. The NSE can be solved 

numerically applying the finite element method 

(FEM) as implemented in COMSOL 

Multiphysics®. For a sphere with the radius R 

moving with the velocity v in the fluid, the drag 

force FD, 

𝐹𝐷 = −6𝜋𝜇𝑅𝐯, 

is a consequence of friction. Within aerospace 

applications, the resistance force FR acting on an 

object with the cross-section A is given by: 

|𝐹𝑅| =  
1

2
𝐶 𝐴𝜌𝐯2 , 

where C is the drag coefficient. Furthermore, at the 

boundary, the fluid is slowed due to friction. 

Among others, the corresponding mechanism can 

be evaluated within the Navier-slip boundary 

conditions (NS-BCs): 

𝒖 ∙ 𝒏 = 0     (3) 

𝒖 ∙ 𝝉𝒊 =  −(𝜌𝛽/𝜇)−1 𝒏𝑆𝝉𝒊 , i=1,2  (4) 

where  is a scaled Navier friction coefficient used 

within this study (given in m/s) and S is given by 

𝑆 =  ∇𝑢 + (∇𝑢)𝑇  

n and  are the (outer) normal and the tangential 

vectors of the surface. The focus of the present 

study is to explore the relation-ship between the 

acceleration field (given as the force per density) 

and the velocity field at a curved boundary. To this 

end, the NS-BCs were investigated with tools from 

analytical mechanics. Having obtained the 

appropriate relation-ship between the normal and 

the tangential components of the acceleration and 

velocity, the analytical findings are checked 

applying a special 2D geometry and laminar flow 

conditions solving the NSE numerically with FEM 

as implemented in COMSOL Multiphysics®. 

Consequently, the article is structured as follows: In 

Section (II), the analytical methods and results are 

presented. The numerical procedure to solve the 

NSE within the FEM is outlined in Section (III). 

The comparison of analytical and numerical results 

is shown in Section (IV). The study is summarized 

in Section (V). 

(II) Analytical methods and results 
The motion of the fluid at the boundary can be 

described by Eqs. (3) and (4), i.e. by the NS-BCs.  

Figure 1: Channel-like 2D-geometry with an obstacle 

with different curvatures k=-1/R (see text) subject to the 

Navier-slip conditions at the center of the lower 

boundary. 
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For the 2D channel-like geometry (as shown in 

Figure 1), the lower boundary is given by the line  

G=G(s), with the 1D parameter s. With s=s(t), the 

trajectory of a particle fixed at the lower boundary  

but following the fluid’s motion is given by 

G=G(s(t)). The derivatives of the (outer) normal n 

and tangential vector  with respect to s are given 

by (see e.g. [2] [3]): 
𝑑𝝉

𝑑𝑠
= −𝑘(𝑠) 𝒏    (5) 

𝑑𝒏

𝑑𝑠
= 𝑘(𝑠) 𝝉    (6) 

where k(s) = -1/R(s) is the curvature of the 2D 

boundary (and R(s) is the corresponding radius). 

Additionally, the velocity of the particle at the 

boundary is given by: 
𝑑𝑠

𝑑𝑡
= (𝒖 ∙ 𝝉)   (7) 

Computing the time derivatives of the NS-BCs 

using Eqs. (5), (6) and (7) one finds the following 

relation-ships between the components of u and a 

(for a steady-state): 
𝑑

𝑑𝑡
(𝒖 ∙ 𝒏) = 0 ⟺ 𝒂 ∙ 𝒏 =  −𝒖 ∙

𝑑

𝑑𝑡
𝒏  

⟹ 𝒂 ∙ 𝒏 =  
1

𝑅
(𝒖 ∙ 𝝉)2   (8) 

and 
𝑑

𝑑𝑡
(𝒖 ∙ 𝝉) = 𝒂 ∙ 𝝉     

⇒ 𝒂 ∙ 𝝉 = −𝛽−1 𝑑

𝑑𝑡
{𝒏𝑺(𝜕𝑖𝑢𝑗)𝝉}   

≈ −(
𝜌𝛽

𝜇
− 4/𝑅)−1{𝒏[

𝑑

𝑑𝑡
𝑺(𝜕𝑖𝑢𝑗)]𝝉}  (9) 

To derive Eq. (9), approximation based on n≈-ey 

and ≈ex as well as Eq. (2) were applied. 

Eq. (8) shows that the normal acceleration an is 

proportional to the square of the tangential velocity 

a with the proportionality factor 1/R. The normal 

acceleration an does not depend on the friction 

parameter . 

In Eq. (9), the change of the tangential acceleration 

a(R) on a curved boundary (with radius R) 

compared to the tangential acceleration a(∞) on a 

plane boundary is approximated. In particular, for 

4/(R)<<1, the approximation follows: 
𝑎𝜏(𝑅)

𝑎𝜏(∞)
≈ [1 + 4𝜇/𝜌𝛽𝑅] ≥ 1  (10) 

The relation in Eq. (10) will be probed with FEM 

simulations. 

While the normal acceleration can be related to the 

force to keep a fictious particle on the boundary 

acting against the centrifugal force, the tangential 

acceleration depends on the friction parameter and 

modifies the velocity of the particle at the 

boundary. 

(III) FEM simulations 
To solve the NSE within FEM COMSOL 

Multiphysics® is utilized. In detail, the module 

Laminar flow with the 2D geometries from Figure 1 

is applied. The 2D geometries from Figure 1 are 

channel-like with an obstacle of variable curvature 

k=-1/R at the bottom. In a region of ±1.3 mm 

around the obstacle, the NS-BCs are applied, while 

slip conditions are configured at all other 

boundaries (except the at the inlet and outlet 

boundaries). To check the relationships Eq. (8) or 

Eq. (10) inlet conditions with uin = 2 .. 20 m/s were 

applied and the velocity and acceleration 

distributions are considered for a steady state (i.e. 

for t large, or ∂u/∂t = 0). A liquid with the density  

= 1000 kg/m3 and the high viscosity of  = 100 

Pa•s is considered. Examples für such high viscous 

liquids are 2-component adhesive. The velocity and 

acceleration field at all points {xi} of the boundary 

subject to the NS-BCs are optionally averaged and 

evaluated. The full dependencies of the components 

of the acceleration from the parameters are 

therefore given by:  

𝑎𝑛,𝜏 = 𝑎𝑛,𝜏(𝑥𝑖 , 𝑢𝜏; 𝑅, 𝛽) . 

In particular, the variable u, which is the 

independent variable in the following, depends also 

on the variables xi, uin,  and R. 

 

(IV) Results  
To check the relation between the normal 

acceleration and the tangential velocity, an(u) [i.e. 

Eq. (8)], FEM simulations with the geometry from 

Figure 1 with  = 10 m/s, uin = 2 .. 20 m/s and R = 5 

.. 20 mm were performed. The data points 

{a(xi,u;R)} for different R and all points {xi} are 

compared with the analytical expression from Eq. 

(8) in Figure 2. A scattering of the numerical data 

around the analytical expression from Eq. (8) can 

be observed in Figure 2. The deviations are 

marginal. 

Figure 2: Computed dependence of the normal 

acceleration an on the tangential velocity u for 

Navier-slip conditions on a boundary with the 

curvature k=-1/R for different R (dots) compared 

with the analytical formula an = 1/R • u
2 (solid 

lines; for  = 10 m/s, uin = 2 .. 20 m/s and all 

points {xi} on the curved boundary). 



 

 

 

 

3 

 

 

 

It can be concluded that the relation-ship Eq. (8) is 

confirmed by FEM simulations. 

The numerical exploration of tangential 

acceleration a at the boundary was performed in 

the next step. For the applied 2D geometry and the 

parameter configuration, the velocity distribution 

(for a steady state) is nearly symmetric (see Figure 

3). In particular, the tangential acceleration a at the 

boundary depends on location xi (for fixed other 

parameters) as shown in Figure 4. In the present 

study, the xi-averaged accelerations were used for 

further discussions. To be able to find xi-averaged 

dependencies a(uR), it is required for u to be 

given at the same values for all xi. As a 

consequence, the full dependencies a(xi,uR) 

were approximated by cubic fits in the following: 

𝑎𝜏
𝑓𝑖𝑡(𝑥𝑖 , 𝑢𝜏; 𝑅, 𝛽) = 𝑎2(𝑥𝑖 ; 𝑅, 𝛽)𝑢𝜏

2 + 𝑎3(𝑥𝑖 ; 𝑅, 𝛽)𝑢𝜏
3 

The reason for using cubic fits is that the relation-

ship a(xi,uR) on the obstacle subject to the 

Navier-slip conditions is accurately described with 

this procedure as shown in Figure 5(a). Concerning 

the coefficients a2 and a3 on a plane boundary, a 

linear relation-ship to the friction parameter can be 

observed as shown in Figure 5Figure (b) and (c). 

The xi-averaged tangential accelerations are then 

given by: 

𝑎𝜏(𝑢𝜏; 𝑅, 𝛽) =  
1

𝐿
∑ ∆𝑖,𝑖+1𝑎𝜏

𝑓𝑖𝑡(𝑥𝑖 , 𝑢𝜏; 𝑅, 𝛽)𝑖  , 

where i,i+1 are the distances between two points xi 

and xi+1 and L is the curve lengths. The computed 

averaged tangential accelerations a(uR) are 

plotted for  = 10 m/s and different R in Figure 6. It 

can be observed, that the average tangential 

accelerations are negative, indicating that the 

particle is slowed down at the obstacle.  

Furthermore, it can be concluded from Figure 6 that 

the absolute values | a | increase with decreasing R. 

However, for the two radii R = 1.5 mm und R = 12 

mm the trend is reversed possibly to be traced back 

to numerical inaccuracies. The numerical accuracy 

Figure 4: Evaluation of the relation-ships a(xi,uR) for 59 points {xi} along the obstacle subject to the Navier-slip 

conditions: (a) considered region in the channel-like 2D-geometry (blue) and (b) functional dependencies a(xi,uR) (for  

= 10 m/s). 

Figure 5: Approximation of the a(xi,uR) dependence by cubic fits (for  = 10 m/s and R = 20 mm, (a)) and dependence of 

the coefficients a2 and a3 (for R→∞, (b) and (c)) on the friction parameter  for all points xi on the corresponding obstacles 

subject to the Navier-slip boundary conditions. 

Figure 3: (Nearly) symmetric velocity field around the 

obstacle as considered within this study. 
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also prohibits to perform a comparison of Eq. (10) 

for 4/(R)<<1. However, the analytical 

expression Eq. (10) has been tentatively added to 

Figure 6 for the present parameters 4/(R) > 1. It 

can be concluded that the change of the acceleration 

with the boundary curvature radius R is 

underestimated by the analytical expression from  

Eq. (10). In general, for the present 2D-geometry, 

the effects contributing to the trend of the 

acceleration cannot be fully resolved, since also 

geometry related effects might have a significant 

influence on the tangential accelerations as shown 

in Figure 7: the acceleration field at the kinks of the 

boundary are of large magnitude and might affect 

the tangential acceleration at the obstacle. 

 

(V) Summary 
For an incompressible fluid with high viscosity the 

relation between the acceleration and the velocity  

on a plane or curved boundary subject to the 

Navier-slip conditions was explored with analytical 

and numerical methods. Using tools from analytical 

mechanics, a dependence of the normal acceleration 

on the square of the tangential velocity with the 

curvature as a proportionality factor was found and 

verified with FEM simulations as implemented in 

COMSOL Multiphysics®. For the tangential 

acceleration, which is proportional to the friction on 

the boundary, it could be shown analytically that 

the Navier friction coefficient on a curved boundary 

compared to the one on a plane boundary generally 

can be considered as enhanced. With FEM 

simulations, the trends could be confirmed. 

However, for the present 2D-geometry, the effects 

contributing to the observed trends are not resolved.  
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Figure 6: Comparison of the averaged tangential 

accelerations a(u,,R) (solid lines for R→∞ to R = 8 

mm) with the approximation from Eq. (10) (dashed lines 

for R = 20 mm and R = 8 mm; for  = 10 m/s). 

Figure 7: Acceleration field ax(r) for R→∞ (a) and R 

= 10 mm (b) as computed with FEM simulations and 

shown for |ax|<104 m/s2. 


