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Abstract

This work describes the numerical resolution of a benchmark problem dedicated to the simulation of two-
dimensional columnar solidification of binary alloys with COMSOL Multiphysics®. Similar to the Hebditch and
Hunt experiment, the benchmark configuration, defined in [1], aims at evaluating the ability of numerical models
to reproduce coupled thermo-solutal convection and phase change phenomena occurring during ingot
solidification. The problem involves a rectangular cavity initially filled with a liquid binary alloy, where
solidification is induced by cooling from a vertical wall. Our numerical approach incorporates heat transfer, with
an original enthalpy formulation, fluid flow, using Brinkman equation, and solute transport together with a
solidification model based on volume-averaged conservation equations and thermodynamic equilibrium
assumptions. The influence of numerical parameters such as time step size, mesh refinement, and discretization
order is investigated to evaluate the stability, accuracy, and convergence of the simulations. Indeed, these
parameters are shown to play a key role in capturing the strongly coupled thermo-solutal flow and the sharp
evolution of the mushy zone. The obtained results demonstrate that COMSOL Multiphysics® is able to capture the
main physical trends described in the benchmark. The numerical results show qualitatively and quantitatively
consistent flow structures, temperature and concentration fields, as well as coherent solidification patterns
described in the literature. In conclusion, this work highlights the capability of COMSOL Multiphysics® to provide
relevant first-order predictions for complex solidification problems. These encouraging results constitute a solid
basis for further improvements, including solidification model refinement and extended validation against
experimental results.

Keywords: Hebditch and Hunt experiment, Columnar solidification, Macrosegregation, Lever rule, Volume-
averaged formulation, Enthalpy method, Brinkman equation.

Nomenclature

Latin Greek

a,b,c Quadratic equation coefficients B Expansion coefficient of liquid
c Solute mass fraction (in a given phase) 9 Functional dependence of temperature on (h) and (C)
(C) Favre averaged solute mass fraction K Porous medium permeability
Cp Specific heat capacity at constant pressure A Dendrite arm spacing

D Quadratic equation discriminant u Intrinsic dynamic viscosity

g Phase volume fraction p Density

g Earth gravity acceleration w Phase mass fraction

H Height of cavity v Differential operator nabla

h Heat transfer coefficient or specific enthalpy

(h) Favre averaged specific enthalpy Subscripts and superscripts

I Unit or identity tensor 0 Initial or nominal

k Thermal conductivity 2 Secondary

k, Partition coefficient c Soluta!

K Viscous stress tensor e Eutectic

L Latent heat of fusion ext External

m Liquidus slope l Liquid phase

p Pressure lig Liquidus

q orq Heat flux density m Melting point

T Temperature P “At constant pressure” or “partition”
t Time s Solid phase

u Velocity field sol Solidus

w Width of cavity T Thermal

T Transpose
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Introduction

The objective of this work is to ascertain the
capability of COMSOL Multiphysics® in addressing
complex nonlinear problems of columnar
solidification, with adequate precision to unveil the
appearance of a macrosegregation instability that
manifests itself in the form of oblique channels of
alternating liquid fraction and solute concentration.

This numerical exercise is performed in response to
the call for contributions to a benchmark problem for
2D columnar solidification of binary alloys [1]. The
call provides a set of physical equations to be solved
numerically with the objective of verifying the
agreement of the numerical solutions obtained by
different contributors [2, 3].

The proposed solidification problem - with
equations, boundary conditions and parameters — is
described in detail in the “Problem statement”
section, followed by the “Numerical methods”
section. New modelling results, obtained with
COMSOL Multiphysics®, are presented and
discussed in the “Simulation results and discussion”
section, where they are compared with other
numerical works.

Problem statement

The modelled configuration is a 2D ingot casting
problem. The heat is extracted from side walls of a
rectangular mold initially filled with a stagnant
liquid binary metal at a uniform temperature and
composition. To have the possibility to compare
numerical results with available experimental data, a
geometry like in the Hebditch and Hunt experiment
[4] is retained, see Figure 1.
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Figure 1. Problem geometry and boundary conditions,
reproduced from [1].

The solidification of a binary alloy is modelled in a
2D rectangular cavity of height H = 0.06 m and
width W = 0.1 m. The initial alloy temperature T, is
equal to the liquidus temperature Tj;;. A uniform
initial solute mass fraction C, is imposed. The

solidification starts at time t = 0 by cooling right
wall of the enclosure through an external cooling
fluid at temperature T,,, and a heat transfer
coefficient h, while the symmetry condition is
imposed on the left side of the computational
domain, see Figure 1. The top and bottom walls are
thermally insulated. No-slip conditions at the cavity
walls are assumed.

Hypotheses

The mathematical model for this benchmark
problem, as proposed in the call [1], is minimal, i.e.
it has been simplified to the greatest possible extent
and includes the following hypotheses:

e Laminar flow and constant viscosity ;.

e Solute diffusion in the liquid and solid at the
macroscopic scale is neglected.

e Constant density p; = p; = py except in the
buoyancy term of the momentum conservation
equation, where p linearly depends on
temperature T and solute mass fraction in a liquid
phase w; (Boussinesq approximation):

p = po(1 = Br[T — To]l = BclCi — Col)
The direct consequence of constant density is the
equivalence of mass and volume fractions:

Ps = P = ws =4 W =4

e Saturated mixture: g; + g5 = 1.

e Local thermal equilibrium, T, =Ty =T, with
perfect solute diffusion in both phases (lever
rule).

e Constant thermal conductivity: kg = k; = k.

e Constant heat capacity: ¢, s = ¢, ; = ¢, resulting
in the following simplified expressions of
specific enthalpies:

hs =c,T, hy=c¢,T+1L,
(h) = why + wshs = ¢, T + g,L

e The solid phase is assumed motionless: ug = 0.

e The mushy zone is an isotropic porous medium
whose permeability k is defined by the
conventional Kozeny-Carman relation:
Kk =213g3/180(1 — g,)?, although slightly
different from that presented in [1].
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Figure 2. Simplified phase diagram.
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In accordance with the lever rule, the following local
relations are true, see Figure 2:

CS = kpCl
(€)= w,C; + wCs = (gz + ky[1— gl])cl
T=T,+mC, T =T,+mC/k,
Tig = T + M(C),  Tyo = Ty +mUC)/k

( 0, T <Tso

_ kp (T - Tsol)
9t kp(T - Tsol) + (Tliq - T)
1, T>Ty

) Tsol <T< Tliq

Although g; above is conveniently expressed in terms of
temperature T and Favre averaged solute mass fraction
(C), this formula fails, from a mathematical point of view,
in two limiting cases: 1) when k,, = 1 implying Tj;q =
Tso; and 2) when {(C) = 0 implying T;q = Tso; = Tppp. In
both cases, for T = T};q = Ts, the result is indeterminate
of type (0/0). A more robust way to compute g; is to
define it as function of Favre averaged specific enthalpy
(h) and Favre averaged solute mass fraction (C). To do so,
one must solve the following quadratic equation and take
greater root as the physical solution:

agt +bgi+c=0 for (h)so < (h) < (h)yq

9= 7_b;a\/§, D =b%—4ac
where
a=L(1-k,), b=Lk,+(1—ky)(cyT—(h)),

¢ = ky(cpTsor — (1)),
(hYsor = CpT 501, (Mg = ¢pTyg + L
The final expression for g; as function of (h) and (C) is
0, (h) <(h)sa

—-b+D
g = Tr <h)sol = (h) < (h)liq'a #0

—c/b,  (h)sor < (h) < (R)yqa =0
1L, (R > (R

This formula provides a well-defined value for g; even in
the previous limiting cases where Ty;q = Tso;:

g1 = ((h> - Cstol)/L if T= Tliq = Isot-
Conservation equations

Macroscopic conservation equations result from
volume averaging of microscopic conservation
equations. The following notation is adopted:

p=p, u=gu.

Laminar Brinkman equation for momentum
conservation in a porous medium, as defined in
COMSOL Multiphysics®:

Po (au

g, \ ot

u H
+(u~V)—>=V~[— I+K]——u+
9 gu P K Pe

k=X [Vu+ (Vu)T]
gi

Note that this equation is slightly different from the
one proposed in [1]. In particular, the placement of
the factor 1/g, is different in the viscous stress term
and in the convective term. Nevertheless, after
thorough consideration, we believe that the
Brinkman equation above is derived rigorously from
the Navier-Stokes equations using the volume
averaging technique and is therefore retained in the
present work.

Mass conservation

V-u=0
Energy conservation
a(h)
hy =c¢,T+1L, q=—-kVT

Note that, although the convective term in the above
equation differs, it is still equivalent to that in
reference [1], which is expressed via the temperature
gradient pu-Vh; =pcy,u-VT. The function
9((h), (C)) can be defined using the expressions for
(h) and g;:

(h) — Lg,({h).{C))

Y((h),(C)) =
Cp
Solute conservation
a(C) (€)
—+4u-V(C, =0, C=——
ot : ! g1+ k,[1—gl

Problem parameters for two cases of Sn-Pb alloys
are given in Table 1.

Table 1: Physical properties of Pb-18% Sn and
Sn-10% Pb alloys. Reproduced from [1].

Property Symbol __ Units Pb-18% Sn__ Sn-10% Pb

Specific heat [ JkgK)™* 176 260

Thermal conductivity k W(mK)~t 179 55.0

Reference density Po kgm™3 9250 7000

Latent heat of fusion L J kg™t 376 x 10* 6.1 x 10*

Liquid dynamic viscosity g, Pas 1.10x107% 1.0x 1073

Liquid thermal expansion B, K-t 116x10™* 6.0%x 1075
coefficient

Liquid solutal expansion S (wWt%)™* 490%x107% —53x107%
coefficient

Secondary dendrite arm A, m 1.85%10™* 65.0x10°°
spacing

Melting point at C = 0 T °C 3275 232.0

Eutectic solute mass [0 wt% 61911 38.1
fraction

Equilibrium partition k, - 0.310 0.0656
coefficient

Liquidus slope m °C (wt%)~! —2.334 —1.286

Nominal solute mass Co wt% 18.0 10.0
fraction

Initial temperature To=Ty, °C 285.488 219.14

Heat transfer coefficient ~ h Wm™2K™* 400 400

External temperature Toxt °C 25 25
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Numerical methods

The problem is solved with the finite element
software COMSOL Multiphysics® version 6.4. The
following modules have been used to set up the
model physics: the Brinkman Equations for laminar
fluid dynamics in porous medium (variables u and
p), the Stabilized Convection-Diffusion Equation for
the transport of averaged solute mass fraction
(variable (C)), and the Weak Form PDE for enthalpy
(variable (h)), temperature (variable T) and solute
mass fraction of liquid phase (variable C;). The
velocity field u is spatially discretized with quadratic
Lagrange elements, while other fields are discretized
with linear Lagrange elements. Time integration is
performed with the Backward Differentiation
Formula (BDF) of order 1. The computational
domain is spatially discretized with a triangular
mesh that consists of at least 13 400 finite elements
resulting in 88 400 degrees of freedom.

Enthalpy method

The enthalpy method involves solving two
equations: one for the averaged specific enthalpy (h)
and one for the temperature T (as a function of (h)
and (C)). Following the recommendations of
Feulvarch & Bergheau [5], the correct finite-element
formulation of the problem requires that both the
temperature and the enthalpy equations are solved in
a weak sense to avoid spurious oscillations of the
numerical solution. Same linear spatial discretization
for (h) and T is recommended to model phase
changes [5]. In the spirit of this method, the two
solute transport equations, one for (C) and one for C,
are also solved simultaneously in a weak sense with
same spatial discretization for both fields.

Simulation results and discussion

The present modelling results obtained using
COMSOL Multiphysics® are compared with results
from the literature obtained using different software.
Mesh and time-step convergence are qualitatively
assessed. The influence of the heat exchange
coefficient on the appearance of the macro
segregation channels is also briefly discussed.

First, let us assess the mesh convergence of the
present numerical model. As one can see in Figure 3,
refining the spatial resolution by increasing the total
number of mesh elements from 13 394 to 120 612
results in a slight variation of the observable pattern
of segregated channels. Although the overall
appearance of the computational result remains
unchanged, mesh refinement provides higher spatial
resolution, not only revealing finer structures within
the segregated channels but also changing their
morphology and spacing. In agreement with the

work of Combeau et al. [2, 3, 6], we conclude that
the local structure of the segregated channels is
highly mesh-sensitive, whereas the overall behavior
of the segregation instability is well captured even
on a coarse mesh.

Pb-18% Sn Sn-10% Pb
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A \
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7

Number of ele_ments: 13 394 e

-

Element size: 0.5 mm
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Number of ellements: 120 612
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£
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Figure 3. Influence of the numerical mesh resolution. The
color field represents the averaged solute mass fraction
(C) = Cy in %. Only the upper part of the computational
domain is shown for Pb-18% Sn, and the lower part is

shown for Sn-10% Pb.

Since COMSOL Multiphysics® may adjust the time
step of the BDF solver based on the estimated
numerical error, we can only restrict its maximum
value. Thus, the influence of the maximum time step
on the numerical solution is shown in Figure 4.

As one can observe, different time steps can lead to
a slightly different local structure of segregated
channels. As in the case of mesh convergence, a
similar conclusion can be drawn for time-step
convergence: the local structure of the segregated
channels is highly sensitive to the time step, whereas
the overall behavior of the instability remains similar
for different time steps.



COMSOL

CONFERENCE
2026 CAMBRIDGE

Sn-10% Pb
=120 I

Maximum time step: 2 ms

1 08 06 04 02 0 02 04 06 08 1

Figure 4. Influence of the maximum time step. The color
field represents the averaged solute mass fraction (C) —
Cy in %. Only the lower part of the computational domain
is shown.

As can be seen from Figure 5, the appearance of
segregated channels and the area they occupy are
related to the cooling rate, which is controlled by the
heat transfer coefficient h. Figure 5 shows the
computational results for h ranging from 4 to 400
Wm 2Kt

Pb-18% Sn

Sn-10% Pb
t=92s

h = 400|W m2K!

h=100Wm2K?!

h=40Wm2K!

t=1310s

h=4Wm?2K?
]

%
-1 -08  -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 5. Influence of the heat transfer coefficient h. The
color field represents the averaged solute mass fraction
(C) — Cy in %. Only the upper part of the computational
domain is shown for Pb-18% Sn, and the lower part is
shown for Sn-10% Pb.

The results are compared at approximately the same
position of the solidification front and therefore
correspond to different time instances. As can be
observed, the area occupied by the segregated
channels decreases with decreasing cooling rate.
Below a certain value of h between 8 and 40
Wm2K™!, the segregated channels cease to
appear.

Finally, let us compare the solidification results
obtained in the present work with the ones
previously published by other researchers. Two
alloys are considered: Pb-18% Sn (case 1) and Sn-
10% Pb (case 2). In case 1, the comparison of the
computational results by different research groups is
presented in Figure 6. The final spatial distributions
of the averaged solute mass fraction (C) are
qualitatively similar. The differences appear to be
more pronounced in the fine structure of the
segregated channels, as the process of their
formation is very sensitive to the numerical method.

T 001 002 0w 004
x(m)

(a) EPM-SIMAP a3 () UL

;007 002 003 008 066
14 x(m)

(d) TREFLE

@3 004 005
x(m)

(e) UL OpenFOAM upwind

...........

oa

" (@ SIMTEC

Figure 6. Case of Pb-18% Sn. Averaged solute mass
fraction, (C) in %, at the end of solidification (t = 600 s)
computed by different research groups [3, 6].
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The volume fraction of the liquid phase is plotted as
a function of x at mid-height in Figure 7 and
demonstrates also quantitatively similar trends.
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Figure 7. Case of Pb-18% Sn. Volume fraction of the liquid
phase at t=120s as a function of x at mid-height
computed by different research groups [6].

Yolume fraction of the liquid phase

In case 2, Sn is the solvent and Pb is the solute
rejected during solidification. Since Pb is denser than
Sn, the solute-enriched liquid near the solid/liquid
interface becomes locally denser than the bulk
liquid. This solutal buoyancy force acts in the same
direction as the thermal buoyancy force (the cooled
liquid near the wall is also denser and sinks). The two
driving forces therefore cooperate, reinforcing the
convective flow and strongly destabilizing the
mushy zone. This is why case 2 produces
pronounced, well-developed channel segregates
inclined at about 45° [2].

The comparison of the computational results by
different research groups is presented in Figure 8. As
in case 1, the final spatial distributions of the
averaged solute mass fraction (C)—C, are
qualitatively similar. As before, the differences
mainly appear in the fine structure of the segregated
channels. These differences are attributed to
variations in solution behavior at high liquid
fractions, both in the central region, which solidifies
last, and in the channels, which also form under high-
liquid-fraction conditions.

(a) CEMEF (b) EPM-SIMAP

(d) TREFLE

Time=600 s 12

(e) SIMTEC

Figure 8. Case of Sn-10% Pb. Averaged solute mass
fraction, (C)—Cy in %, at the end of solidification
(t = 600 s) computed by different research groups [2].

The dependence of the velocity magnitude on time is
shown in Figure 9 at midpoint of mid-height. The
first peak reflects the onset of thermosolutal
convection at high liquid fraction, before
permeability drops as the mushy zone thickens; the
second peak results from flow reorganizing into the
high-permeability segregated channels as they form.
The present results demonstrate again a very good
quantitative agreement between other software.
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Figure 9. Case of Sn-10% Pb. Velocity magnitude as
function of time, computed by different research groups
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Conclusions

This work has demonstrated the capability of
COMSOL Multiphysics® to reproduce the coupled
thermo-solutal convection and phase-change
phenomena involved in the 2D columnar
solidification benchmark problem, including the
macrosegregation instability that manifests as
oblique channels of alternating liquid fraction and
solute concentration. The numerical implementation,
based on an enthalpy formulation solved in a weak
sense together with the Brinkman equations and a
dual solute transport scheme, proved able to capture
the essential physics of the problem with good
stability and convergence behavior. The mesh and
time-step sensitivity studies confirmed a trend
already reported in the literature: while the local,
fine-scale structure of the segregated channels is
strongly dependent on the spatial and temporal
discretization, the overall pattern and intensity of the
segregation instability remain robust even on
relatively coarse meshes and larger time steps.
Additionally, varying the heat transfer coefficient
showed that the extent of the segregated-channel
region decreases as the cooling rate is reduced, with
channels disappearing altogether below a threshold
value.

Comparison with previously published results for
both the Pb-18wt%Sn and Sn-10wt%Pb reference
cases showed that the present model reproduces the
final macrosegregation maps, the concentration and
liquid-fraction profiles, and the time evolution of the
velocity magnitude in good qualitative and
quantitative agreement with the four independent
codes considered in the benchmark. As observed by
other contributors, the main discrepancies between
solvers remain concentrated in the fine structure of
the channels and in the high-liquid-fraction regions,
which are the most sensitive to the numerical scheme
employed.

Overall, these results confirm that COMSOL
Multiphysics® provides a reliable first-order
prediction tool for complex columnar solidification
problems involving macrosegregation.  This
constitutes an encouraging basis for future work,
which should focus on refining the solidification
model — for instance by incorporating more realistic
microsegregation and permeability laws — and on
extending the validation against the experimental
data available for this type of benchmark
configuration.
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     〈 h 〉  s o l =   c  p   T  s o l ,        〈 h 〉  l i q =   c  p   T  l i q + L


    g  l


   〈 h 〉


   〈 C 〉


    g  l =  {    0 ,       〈 h 〉 <    〈 h 〉  s o l     − b +  𝒟  2 a ,         〈 h 〉  s o l ≤  〈 h 〉 ≤    〈 h 〉  l i q ,   a ≠ 0   −   c  b ,         〈 h 〉  s o l ≤  〈 h 〉 ≤    〈 h 〉  l i q ,   a = 0   1 ,       〈 h 〉 >    〈 h 〉  l i q


    g  l


    T  l i q =   T  s o l


    g  l =    (  〈 h 〉 −   c  p   T  s o l )  L         if         T =   T  l i q =   T  s o l .


  p =   p  l


  𝐮 =   g  l   𝐮  l


      𝜌 0    g  l  (   𝜕 𝐮  𝜕 t +  ( 𝐮 ⋅ ∇ )   𝐮    g  l ) = ∇ ⋅  [ − p 𝐈 + 𝐊 ] −     𝜇  l  𝜅 𝐮 + 𝜌 𝐠


  𝐊 =   𝜇    g  l  [ ∇ 𝐮 +    ( ∇ 𝐮 ) ⊤ ]


  𝐊 =   𝜇    g  l  [ ∇ 𝐮 +    ( ∇ 𝐮 ) ⊤ ]


   1    g  l


  ∇ ⋅ 𝐮 = 0


  𝜌   𝜕  〈 h 〉  𝜕 t + 𝜌 𝐮 ⋅ ∇  h  l + ∇ ⋅ 𝐪 = 0 ,     T = 𝜗  (  〈 h 〉 ,  〈 C 〉 )


   h  l =   c  p T + L ,     𝐪 = − k ∇ T


   h  l =   c  p T + L ,     𝐪 = − k ∇ T


  𝜌 𝐮 ⋅ ∇  h  l = 𝜌   c  p 𝐮 ⋅ ∇ T


  𝜗  (  〈 h 〉 ,  〈 C 〉 )


   〈 h 〉


    g  l


  𝜗  (  〈 h 〉 ,  〈 C 〉 ) =    〈 h 〉 − L   g  l  (  〈 h 〉 ,  〈 C 〉 )    c  p


    𝜕  〈 C 〉  𝜕 t + 𝐮 ⋅ ∇   C  l = 0 ,       C  l =    〈 C 〉    g  l +   k  p  [ 1 −   g  l ]


    c  p


  J    ( kg   K )  − 1


  176


  260


  k


  W    ( m   K )  − 1


  17 . 9


  55 . 0


    𝜌 0


  kg    m  − 3


  9250


  7000


  L


  J   k  g  − 1


  3 . 76 ×  10 4


  6 . 1 ×  10 4


    𝜇  l


  Pa   s


  1 . 10 ×  10  − 3


  1 . 0 ×  10  − 3


    𝛽  T


   K  − 1


  1 . 16 ×  10  − 4


  6 . 0 ×  10  − 5


    𝛽  C


     ( wt % )  − 1


  4 . 90 ×  10  − 3


  − 5 . 3 ×  10  − 3


    𝜆 2


  m  


  1 . 85 ×  10  − 4


  65 . 0 ×  10  − 6


  C = 0


    T  m


  ° C


  327 . 5


  232 . 0


    C  e


  wt %


  61 . 911


  38 . 1


    k  p


  −


  0 . 310


  0 . 0656


  m


  ° C      ( wt % )  − 1


  − 2 . 334


  − 1 . 286


    C 0


  wt %


  18 . 0


  10 . 0


    T 0 =   T  l i q


  ° C


  285 . 488


  219 . 14


  h


  W    m  − 2    K  − 1


  400


  400


    T  e x t


  ° C


  25


  25


  𝐮


  p


   〈 C 〉


   〈 h 〉


  T


    C  l


  𝐮


   〈 h 〉


  T


   〈 h 〉


   〈 C 〉


   〈 h 〉


  T


   〈 C 〉


    C  l


  t


  t


  t


  t


  t


  t


  t


  t


  t


  t


  t


  t


  t


  h = 4   W     m  − 2     K  − 1


  h = 400   W    m  − 2    K  − 1


  t


  t


  t


  h = 100   W     m  − 2     K  − 1


  h = 40   W     m  − 2     K  − 1


  t


  h = 8   W     m  − 2     K  − 1


  x  


   〈 C 〉 −   C 0


   〈 C 〉 −   C 0


   〈 C 〉 −   C 0


  h


  h


  W    m  − 2    K  − 1


  h


   〈 C 〉 −   C 0


  h


  W    m  − 2    K  − 1


   〈 C 〉


   〈 C 〉


   〈 C 〉 −   C 0

