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Crystallization kinetics

Kinetic function

Nakamura law :

Nakamura function

To be solved at

each location

Nakamura exponent (n=3)

[Nakamura et al. 72, Tardif et al. 14, Quinlan 11]
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Domain and dependent variables

0, 1, 2 or 3D

Dependent variable :

Scalar α, degree of crystallization (in [0, 1])
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Material properties

Avrami index n [1]

Nakamura kinetics function Kn(T) [1/s]

3. Implementation of a dedicated physics 

in COMSOL 
 

In a physical domain, the degree of 

crystallization α has to be solved for at each 

location in space. The ruling ODE (eq. 1) could 

be implemented in any COMSOL model using 

the domain ODE node. After having done so for 

several years, with multitude of models, we 

decided to implement this Nakamura kinetics in 

a novel physics node, using the physics builder 

in COMSOL. First, this enables to implement 

once and for all the Nakamura function 

modification (see Fig. 2). Then, it simplifies 

eventual coupling with heat transfer (exotherm 

computation, for instance). And finally, it eases 

the creation of new models by providing readily 

available physical material properties (see Fig. 

3). In addition, all the variables now have 

physical names and consistent units. This 

prevent mistakes while developing new models. 

 

3.1 Domain and dependent variable 
 

The Nakamura kinetics equation (1) has to be 

solved at each material location to obtain the 

field of degree of crystallization α. Thus, α is 

defined as the dependent scalar variable over a 

domain which dimension can be either 0, 1, 2 or 

3D. A Crystallisation domain feature node is 

added in the physics builder as the default node. 

 

3.2 Material properties and user input 
 

Equation (1) calls for two material properties, the 

Avrami index n and the Nakamura kinetics 

function K. These two new material properties 

are added in the physics builder (see figure 4). 

Note that the user will eventually have to input 

the thermal dependency of K in the model (for an 

example see section 4). In terms of parameter 

input for the Nakamura model, only two scalars, 

αmin and αmax, are required. 

 

 
Figure 4. Specific material properties appearing in the  

Nakamura law (1) are implemented in the physics 

builder.  

 

 
Figure 5. Exotherm computation is automated by 

adding a domain feature node. This node only 

performs exotherm computation and does not require 

any input. 

 

 

The exotherm Q (eq.2) can be computed 

automatically. This is performed in the physics 

builder by adding a domain feature node that 

includes the domain variable exotherm. In 

addition to this node, two new material 

properties (ρm and φm) are needed (see figure 5). 

 

3.4 Coefficient form PDE 
 

The right hand side of equation (1) is 

implemented by adding a new domain variable 

RHS. Then, the ordinary differential equation (1) 

is solved for, by adding a coefficient form 

equation in the physics builder. 

The newly developed physics is then added in 

the local physics library using the physics 

manager. It is now readily available to the 

COMSOL user to be added in multiphysical 

model. 

 

4. Application: simulating the cooling of a 

thermoplastic composite plate 
 

In this section, the quiescent cooling of a 

thermoplastic composite square is modeled in 

COMSOL. Heat transfer is handled using a heat 

transfer node whereas crystallization physics is 

added using the newly developed node. Full 

coupling shown in Figure 1 is taken into account. 

 
4.1 Modelling 
 

A square of dimension 2x2cm is sketched in a 

2D model in COMSOL.  

 

Heat transfer. Standard heat transfer in solid 

node is added. Thermal material properties are 

adapted from the literature and model an 

orthotropic Carbon/PEEK composite [4,9,10]. 

Thermal material properties depend on 
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Users input

αmin 1e-6 [1]

αmax 1-1e-6 [1]
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Coefficient form PDE

RHS

13



Exotherm automation
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In this section, the quiescent cooling of a 

thermoplastic composite square is modeled in 

COMSOL. Heat transfer is handled using a heat 
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added using the newly developed node. Full 

coupling shown in Figure 1 is taken into account. 
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A square of dimension 2x2cm is sketched in a 
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Domain and BC Initial conditions

• Hot (T = 300°C)
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0° Carbon fibre / thermoplastic

composite 

[Levy et al. 16, Tardif et al. 09, Thomas et al. 10]
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Implementation in a COMSOL model

Classical implementation Material

temperature and degree of crystallization (see 

fig.6). Classically, the properties are 

characterized versus temperature for amorphous 

(α=0) and fully crystalline (α=1) states. A 

mixture law is then used to get thermo- and 

crystallo- dependent properties. 
An initial temperature of 300°C is imposed in the 

whole domain. Symmetry is imposed on the left 

and lower boundaries. A convective heat flux to 

an external temperature of 230°C with an 

exchange coefficient h=20Wm
-2

K
-1

 is considered 

on the upper and right boundaries. The heat 

source arising from the crystallization exotherm 

is also added automatically by calling the 

exotherm variable (see Figure 7). 

 

Crystallization. The crystallization node is 

added in the model and enables for the resolution 

of the Nakamura crystallization kinetics at each 

point. 
The missing material properties automatically 

appears in the material node (see Figure 8). 

Values from the literature [9] were implemented. 

Note that the temperature dependency is 

accounted for here. 

 

 

 
Figure 6. Thermal material properties depend on 

temperature and degree of crystallization. For an ease 

of implementation, material « functions » are 

extensively used. 

 

 

 

 
Figure 7. Exotherm variable is directly called in a heat 

source node and prevents mistakes while developing 

new models. 

 

 
Figure 8. Material properties related to the 

crystallization kinetics automatically appear with the 

right units in the material node. Temperature 

dependency is to be implement here by the model 

user. 

 

 

An initial value of the degree of crystallization is 

set to 0 in the whole domain and models an 

initially fully molten material. Note that even if 

imposing α=0, crystallization will be initiated 

artificially thanks to the non-zero value of αmin. 

Exotherm computation domain feature is also 

added for a fully coupled resolution as depicted 

in Figure 1. 

 

 

Mesh and resolution. A default triangular mesh 

using “fine” size is used. The time dependant 

study is performed between 0 and 150 s. 

Solutions are stored every 10 seconds. 

The solving methods are the default ones 

proposed by COMSOL except that a maximum 

time stepping of 1 s is imposed in the time 

dependent solver. Indeed, crystallization is an 

event that will occur while cooling the material 

down. Large time stepping may result in missing 

this event. A correct time stepping, featuring 

automatic time stepping with a maximum time 

step size, is thus required [4]. 

 

4.2 Results 
 

Temperature and degree of crystallization fields 

are obtained versus time. This information are 

shown in figure 9 at time t = 90 s. They prove 

very useful to better understand a forming 

process (such as injection or compression 

moulding for instance). In particular, of interest 

is the time at which the material is crystallized to 

the core. This corresponds to the time when the 

material is fully solid. This is the end of the 

forming phase and the part can eventually be 

ejected [11]. 
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Ongoing work and difficulties
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Conclusions

A novel physics interface node, dedicated to Nakamura 
crystallization, has been implemented using the physics builder
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A model of cooling and solidification in polymer forming 
processes uses this new node.
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